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Markov Game (MG):
o players N ={1,...,m}
@ shared &
@ choose a; € A; ~  ri(s,a);
a=(ar,...;am) € [Ljen Ai
e P(s'|s,a)

For joint policy 7 € M = [T, A(A)S,

-
Z ri(se, at) | so = s]

t=0

Vi (m) = Esnp

image source: DALL-E 3
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o c-approximate Nash equilibrium (e-NE): 7* € M s.t. Vi € N, 7} € 7,
Vri(ﬂ-*) - Vri(ﬂ-l,"ﬂ-ii) S €.

e finding e-NE of MG is generally not tractable [Rub16, Das13]
e Markov Game (MPG):
3¢ :MN—Rst.VieN, (rm,n_;) €N, and 7} € I,

V. (miym—i) — Vi(mi, o) = ®(mi,m-;) — S(mh, m—;)

1
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@ constraints (CMPGs)

@ subset of feasible policies ¢ := {7 € 1| V.(7) < a} for some o € R where

-
Z c(st,at) | so = s]

t=0

Ve(m) = Esop

o c-approximate constrained NE: 7* € M. s.t. Vi € N, 7/ € Ni(7 ),

Vri(ﬂ-*) - Vri(ﬂ-;’ﬂ-*—f) <€
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CA-CMPG [ARHK23] Independent learning in CMPGs
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Challenges of constrained setting

min  ®(m)

(71'1,...,7Tm)€|-|c

where MN¢ .= {mr € M| V() > a}

Challenges:
@ nonconvex objective and constraint
@ constraint couples m;'s
@ strong duality does not hold [ARHK23]
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How to find -KKT policy?

@ proximal-point-like update
1 1
040 g {0(e) - L= O | )+ L0 <)
wen 2n 2n
o ® and V. weakly convex = subproblem obj. and constr. strongly convex

@ as Hw(”rl) — 7T(t)H — 0, regularized constraint approaches original constraint

Can show:

HW(tH) —a]l<e = 7 is O(e)-KKT for min _ ®(7)

(7r17--~77rm)€nc

7(t71) is constrained O(e)-NE

Lem. 1
f—



How to find -KKT policy?

@ proximal-point-like update

1 1
(1) = arg min {Cb (7) + — |7 — 7O | Vo(r) + —|lx — aD)2 < a}
wen 2n 2n

o ® and V. weakly convex = subproblem obj. and constr. strongly convex

@ as Hw(”rl) — 7T(t)H — 0, regularized constraint approaches original constraint

Can show:

HW(tH) —a]l<e = 7 is O(e)-KKT for min _ ®(7)

(71'1,...,7Tm)€|_|c

Lgl #(t+1) s constrained O(e)-NE

@ how to solve the proximal-point subproblem?



How to solve proximal-point subproblem?

1 1
A1) — are mi b Sl — 22 )t ol — D)2 <



How to solve proximal-point subproblem?

1 1
A1) — are mi b Sl — 22 )+l — D)2 <

= //»’(‘“(:) = V';.W(t)(ﬂ—)

/




How to solve proximal-point subproblem?

1 1
(t+1) ; ® e (B2 V. e — B2 <
n argenrwlm{ () + g llm = 7O | Velm) + 5w =) < o}
= = V;_ﬁ(t) (7T)
@ Solve via gradient switching subroutine:
P [t — 1,9, | Ve (7)) —a <o,

7T(t,kJrl) —
Pn [W(t k) — 1y Ve (T (t, k))] otherwise

n,m(t



How to solve proximal-point subproblem?

1 1
A1) — are mi b Sl — 22 )+l — D)2 <

::(D//’,Lt)(:) = V;_w(f)(ﬂ—)

/

@ Solve via gradient switching subroutine:

P [709) — V0, o (2E0)] i VE ) (719) —a < b,

7T(t,k+1) —
Pn [W(t’k) v NVa Vo (T(tk))] otherwise

@ independent implementation?
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Independent implementation
o Observation:

1 1
Vo @) (1) = Vi, ®(7) + p (mi —7) = Vo Vi (7) + p (mi — )
= gradient switching update

Pn [w(t’k) — Vo, (r.k)(W(t’k))} if V(e (7(t9) — a < 6,

A(tht1) _ e

Pn [w(t’k) — Vo, \/”C'THM(ﬁ(t'k))} otherwise
is equivalent to independently, for all i € N,

P [189) — 14V, Vi (r(90) — (2 7(0)]
if V(m(tK)

t,k+1
7TI(7+):

Pry [ — 00 Ve (69) — ([0 )]

1

otherwise



Algorithm 1 iProxCMPG: independent Proximal-policy algorithm for CMP Gs

1: initialization: 7(9 € II¢ s.t. V,(7(?)) < & and suitably chosen 7, ¢, T, K, {(vk, k) Yo<k<x
2: fort=0,...,T—1do

3 a0 =7 proximal update
4: ffor kK =0,. — T and 7 € N simultaneously do
5 sample B traJectorles by following 7r(t %) to estimate Vo(m(®R), Vv (m (&), VVye (m(t:HD)

v _ [P [ =T Yo (r9) = a9 2 O)] i Vo 0) - o < b
T =
1 = ‘/])] otherwise

PHZ[(v) Vkv‘(/h_l<i 7
7. ) = Wft’k) where k is sampled from {k € [K] | V.(x®*®) < §,}

8: output: 7r§T) forie N
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Iteration & Sample Complexity Result

Assumptions

o Initial feasibility: 7(©) satisfies V.(7(9)) < «

@ Uniform Slater’s condition:

3¢ > 0 s.t. Vo' € M with Ve(n') < a, Ir € M sit. VS, (r) <a—¢

Theorem

For e > 0, using e-greedy exploration, after running iProxCMPG for suitably chosen n, T, K,
and {(vk, 0x) Yo<k<k, 3t € [T] s.t. in expectation ©t) is a constrained e-NE.
o Exact gradients: total iteration complexity® O(e~*)

o Finite sample: total sample complexity™ O(e7)

! @() hides logarithmic dependencies in 1/¢, and polynomial dependencies in m, S, Amax, 1 — 7, ¢, and D.
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o Pollution tax model

o Distributed energy marketplace

>N
K

a; : energy contribution 7i(s,a) : profit
c(s,a) : grid capacity

S : energy demand
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@ Are sample complexity gaps inherent?

centralized independent
Nash-CA Independent PGA
MPG [SMB22] [LOPP22],[ZRL22],[DWZJ22]
O(e™?) O(e™)
CA-CMPG

CMPG  [ARHK23] Oug’(’ff’;')fhm

O(e79)
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Future Directions

@ Beyond Markov Potential Games:

» structural assumptions often hard to verify / violated in applications
(similar for mean-field games)

» need for other tractable ...

* . ..types of equilibria,
* . ..subclasses of general-sum Markov games.
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o Po,s—11 (Djenai—w) w.p. 0.9
w w.p. 0.1

o c(s,a) =) ;cprai, require V() < ae for some ae € R



Simulations
Distributed energy marketplace
@ m energy providers, choosing amount of energy to contribute A; = {0,...,A; — 1}
e §=1{0,...,5 — 1} energy demand (high to low)
2

e profit ri(s, aj,a_;) = cpas — cla,? Y ica @i — ajcs for some o, 1,2 € R

e sample w ~ U({0,1,..., W}) and set

o Po,s—11 (Djenai—w) w.p. 0.9
w w.p. 0.1

o c(s,a) =) ;cprai, require V() < ae for some ae € R

— satisfies CMPG condition, see [NLKS22]



Simulations

Pollution tax model

e m factories that choose production volume A; = {L, H}
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Pollution tax model

e m factories that choose production volume A; = {L, H}

JieNst.a=H

else polluted JdieNst a=H

else



Simulations

Pollution tax model

e m factories that choose production volume A; = {L, H}

JieNst.a=H

else polluted JdieNst a=H

° else

PL ifa,-:L

and c(s,a) = [{i e N' | aj = H}|
Py else

o let ri(s,a) = — Tpls_poliutedy + {



Simulations
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Iteration & Sample Complexity Result

Assumptions

o Initial feasibility: 7(©) satisfies V.(7(9)) < «

@ Uniform Slater’s condition:

3¢ > 0 s.t. Vo' € M with Ve(n') < a, Ir € M sit. VS, (r) <a—¢

Theorem

For e > 0, using e-greedy exploration, after running iProxCMPG for suitably chosen n, T, K,
and {(vk, 0x) Yo<k<k, there exists t € [T] s.t. in expectation 7(t) is a constrained e-NE.
o Exact gradients: total iteration complexity® O(e~*)

o Finite sample: total sample complexity™ O(e7)

! @() hides logarithmic dependencies in 1/¢, and polynomial dependencies in m, S, Amax, 1 — 7, ¢, and D.




Proof idea (exact gradients).

@ for K = O(e72), inner loop guarantees sufficiently exact proximal update
@ for T = O(¢~2), outer loop guarantees 3t € [T] s.t. ||x(tT1) — ()| = O(e
— n(t*1) satisfies e-KKT conditions for minep, ®(7)
— 7(t+1) satisfies e-KKT conditions for playerwise problem with w&tfl) fixed:

o (t4+1)
m enm(m(m)) Vn(ﬂ_” i ) (2)

L9 for all i € N, bound duality gap of (2) via gradient dominance

— together with V (7(t+1)) < q, it follows that 7(**1) is constrained O(e)-NE



Proof idea (finite sample).

Algorithm 1 iProxCMPG: independent Proximal-policy algorithm for CMPGs (O( 5*7)

1: initialization: 7(©) € II¢ s.t. V,(7(®) < & and suitably chosen 7, ¢, T, K, {(vk, 6k) }o<k<xi

2 fort=0,....,7—1do < (e ?) times

71'0’0) = 71'@)

4: for k=0,...,K —1 and i € NV simultaneously do < 0(6_3) times

5 sample B trajectories by following 7" to estimate V., (r(t:%)), YV (R WV (ntR)

%

i

_ -2 A ~
B = O™ [Prue [10 = ¥, Vi () — (D) — 2 0)] it Vo(nH) - < by
T, = )
|

@

' Prie [WZ-(t’k) — Vi, Vo (r(BR)) — %(W,Et’k) - ﬂ'z(t))] otherwise

T: 7r§t+1) = wgt’k) where k is sampled from {k € [K] | V.(x(**) < 6;}

variance O(e 1)
8: output: WfT) forie N

O



